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Abstract. We investigate spin- vortex excitations in the two-dimensional antiferromagnet on 
^ ' the basis of the nonlinear sigma model. The model of two-dimensional Heisenberg quantum 

}L{ , antiferromagnet is mapped onto the (2-|-l)D nonlinear sigma model. The 2D nonlinear sigma 

^y^ ■ model has an instanton (or skyrmion) solution which describes an excitation of spin- vortex type. 

Quantum fluctuations of instantons are reduced to the study of the Coulomb gas, and the gas of 
C^ , instantons of the 2D nonlinear sigma model is in the plasma phase. We generalize this picture 

of instanton gas to the (2+l)D nonlinear sigma model. We show, using some approximation, 

that there is a Kosterlitz-Thouless transition from the plasma phase to the molecular phase as 
' O , the temperature is lowered. 
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1. Introduction 

It is important to understand tlie magnetic structure of two-dimensional antiferromagnetic 
(^ ■ in the light-doping region in the study of cuprate high-temperature superconductors p]. The 

OO , physics of underdoped region, which is expected to be closely related to the pseudogap 

state, is still not clear. The influence of doping holes on the antiferromagnetic state in 
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'^ ■ the parent materials of cuprate superconductors is one of the most interesting problems in 

~r I strongly correlated electron systems. It has been experimentally found that the stripe order is 

stabilized in the underdoped region of La2-x-j/NdySr2^Cu04,jl] La2-a.Sr2.CuO4 (LSC0)[2j, and 

La2-a;Ba2,Cu04[3j. A checkerboard-like charge density modulation with a roughly 4a x 4a period 

(a is a lattice spacing) has also been observed by scanning tunneling microscopy experiments in 

t>N ■ Bi2Sr2CaCu208+5 (Bi-2212)|5j,Bi2Sr2-xLa2.Cu06-f5[6], and Ca2_^Na2.Cu02Cl2 (NA-CC0C)[7J. 

C^ ! It has been pointed out that these types of modulated structures can be understood within 

the framework of correlated electrons by using the variational Monte Carlo method for the 

two-dimensional Hubbard modelj^lHl llUj. 

It is expected that there appears a new state in an extremely light-doping region where 
the charge modulated structures such as stripes and checkerboards are instable and only spin- 
modulations, for example, a spin- vortex state, will be formulated. The purpose of this paper is to 
investigate spin- vortex excitation on the basis of the two-dimensional quantum antiferromagnet. 
In this paper, we use the mapping of a two-dimensional magnet onto a nonlinear sigma model. 
The nonlinear sigma model is a nonlinear field theory and its renormalization properties were 
applied to ferromagnets in two dimensions |l H [T2 l 113]. The 0(3) nonlinear sigma model can be 



interpreted as the continuum limit of an isotropic ferromagnet, and the action is 

S = j-JdMd,cP?, (1) 

where the three-component scalar field (j){x) is under the condition (p ■ (p = 1. 

2. (2-|-l)D nonlinear sigma model 

The two-dimensional quantum Heisenberg antiferromagnet is mapped to a (2-1-1) dimensional 
nonlinear sigma model. The (2-|-l)D nonlinear sigma model isjH] 

S=— dr I d^r 

2^0 Jo 
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where if is a three-component scalar field on the sphere (/^(r, r)^ = 1. The parameters go 
and Co are go = a'^~'^ / JS"^ and cq = 2\/dJSa where where J is the coupling constant of the 
antiferromagnetic nearest-neighbor interaction, S is the magnitude of the spin and a is the lattice 
spacing. In this paper we consider the two-dimensional case d = 2. We change the scale of r by 
cqt — )• T, and then the action is 



S=— f dr I d^r 
2gJo 



iy^? + [¥]' ■ (3) 



Here, we defined in two-space dimensions d = 2[15j. 



drj 
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for A = 1/a. To be more precisely, S should be replaced by \/S{S + 1). Although g has 
dimension in this expression, g can be dimensionless by scaling the field variables r and r. 
This model describes the Nambu-Goldstone mode, that is, the spin-wave mode of the quantum 
antiferromagnetic model. The renormalization of the spin- wave mode was investigated using the 
Wilson-Kogut renormalization method[14pl5j. 

In the case of hole doping, when the doping rate is small, the nonlinear sigma model is 
expected to be still relevant if we use the coupling constant g renormalized by the doping effect. 
It is plausible that we can use the nonlinear sigma model for the extremely light-doping case. 

The 2D nonlinear sigma model has an instanton solution \16\ [T71 \T8[ [T9j (being interpreted 
as skyrmion or meron [20l I21j ) which describes an excitation of spin- vortex type. Quantum 
fluctuations of instantons were computed and found to be reduced to the study of the Coulomb 
gasj221 [23l I24j . According to this study, the gas of instantons of the 2D nonlinear sigma model 
is in the plasma phase. This means that spin-vortex excitations are independent each other and 
never form dimers. This is the case for the two-dimensional classical Heisenberg model. Then, 
we necessarily have a question such as: is this picture still correct for the (2-|-l)D nonlinear 
sigma model? To investigate this, we generalize the instanton gas approximation to the (2-|-l)D 
nonlinear sigma model. We use the parametrization of the field ip in terms of a single complex 
field w: 

( w + w w — w |u;P — l\ 

{(pi,f2,'P3) = 1,1 |2 '~ S I I 12 ' 1 1 I 12 ' ^ 

where z is the complex conjugate of w. Then, using the complex variable z = x+iy for r = (x, y), 
the action is written as 

rB -i rB 1 , 

(6) 
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Here, Q is 

Q{t) = - fd^r j (\dM^ - \dM^) ■ (7) 

A solution that satisfies dzW = is called instanton solution. A typical instanton solution is, for 
an integer k, 

^ {z - ai){z - a2) ■ ■ ■ {z - Qk) 

""- ^,-bi)iz-b2)---{z-bk)- ^ ' 

tti and bi {i = 1,- ■ ■ ,k) indicate positions of vortex-like excitations in the antiferromagnetic spin 
order. This each local structure can be interpreted as a skyrmion. In general, Oj and bi have 
r-dependence: aj = ai{T), bi = bii^r) {i = 1,---,A;). When ai and bi are constants, Q is the 
integer quantum number equal to fe[16]. We assume that ai{T) and bi{T) are continuous function 
of r, then Q{t) is also a continuous function of r and Q{t) = k since Q is an integer. For this 
instanton solution, the action is given as 

5=^/3 + 1/'' drd^ .J- ,,,, \drw\\ (9) 

g g Jo [l + \w\^Y 

3. Fluctuation effect 

Fluctuation effect to the partition function was evaluated for the 2D nonlinear sigma model 

ast23j 

Zk = const.e-2^'=/s^ t TT daidbidcc^^e-^^''^^^^\ (10) 

[kiy J Y 

where 

y(oj, 6j) = ^In |oj — 5j| — ^ln|aj — ajl — ^ln|6j — &j| . (11) 

ij i<j i<j 

Here c is the overall constant factor of w. This is the model of classical Coulomb gas interacting 
with the logarithmic interaction. This contribution comes from the measure of the functional 
integral by changing the variable w to ai, bi and c. This is straightforwardly generalized to the 
present model; the measure is given as 

n da,{T)dbi{T)dc{T) n c^' n i^^ - «ii' n i^^ - ^^i' n i«^ - ^j\~^- 

= n^«.W^^.W^c(r)nc''exp(-5]^ln|ai(T)-6,-(r)|2+^^ln|a,(T)-a,(r)|2 

T,i T ''' ij ''' i<j 

+ J2J2^nM^)-b,ir)\'). (12) 

r i<j 

This formula will be used in the following. 

4. One-pair skyrmion state 

Let us consider one-instanton state w{z) = {z — a)/{z — b). If we set b = —a G R, for simplicity, 
then we obtain if = (0,0,-1) at z = a, f = (0,0,1) at z = —a and ip = (—1,0,0) at z = 0. 
In the limit \z\ — )• oo, ip = (1,0,0). This indicates a pair of spin vortices that disturbs the 
antiferromagnetic spin order being located at z = ±a. There is a spin disorder in the region 
that includes z = ziza. 

For w = {z — b)/{z — a), the action in eq.(9) is given as 



S^ = ^ + - f drG (a*a + b*b - a*b - b*a) , (13) 



where G is a constant that depends on |a — 6|, and a* and b* are complex conjugates of a and 
b. We replace g by g/A so that g is dimensionless and add the fluctuation effect to this action 

to obtain 

S 2TT/3 fP ^ rl^,. -,2 , , , , ,, ,,] 
' ' -"- -Go- 6r -In afr) -6(r) . 
-9 J 
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This is the model of single particle in the logarithmic potential if we set u 
u = re*^, then the energy is determined by " 
which is shown in Fig.l. The particle dyi 
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Figure 1. Energy of one-pair skyrmion state. 



Figure 2. Oscillation of one-pair skyrmion 
state. This figure shows the oscillation of the 
distance of bounded spin-vortex pair, namely, 
the size of region of disordered antiferromagnetic 
spin. 



5. Skyrmion gas 

We generalize the one-pair skyrmion to many-skyrmion gas. The action is written as 



Sk 
A 



rh ] fP ■ ■ fP r 
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+ ^ln|6,(r)-6,(r)|2-^ln|a.(r)-6,(T)p], 



«iWl' 



(15) 



where Gij are constants and {V'j} indicate both ai and bi: (V'l, ^^25 • • •) = (ai, ^21 • " " 1 &I1 ^2> • • •)• 
Gij are given by integrals in terms of w and show logarithmic divergence In R for the cutoff R 
of the order of the system size. When we take into account only the divergent term Ini?, {Gij) 
are constants. In this case, the kinetic term is simply 



ij \ i i ' \ j * / 



(16) 



This means that the kinetic term is only concerned with the movement of centers of a-particles 
and 6-particles. This term is expected to be unimportant and we neglect it. Hence, the model 
is reduced to the Coulomb gas model without the kinetic term. 

Then we use the static approximation as a first step. Under this approximation, the action 
is 
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This yields that the transition from the plasma phase to the molecular phase occurs at /? = 2 [23j : 

Pc = 2. (18) 

Therefore, there is a Kosterlitz-Thouless transition in the (2+l)D nonlinear sigma model. 

6. Summary 

We have formulated skyrmion (instanton) gas picture for the two-dimensional quantum 
antiferromagnet on the basis of the (2+l)D nonlinear sigma model. We have shown that there is a 
Kosterlitz-Thouless transition from the plasma phase to the molecular phase as the temperature 
is lowered by using a static approximation to the instanton gas. In the molecular phase two 
instantons form a bound state, namely, a dipole of two spin vortices. We expect that this is 
related to the pairing mechanism of superconductivity in doped antiferromagnets. 
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